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We construct, for each «(4 < n < 9), a matrix An which generates all the primitive Pythagorean «-tuples (jct, ... , xn) with x" > 1 (1) x] + ■••+*;;_, =x2n, gcd(x, ,...,xn) = 1 from the single «-tuple ( 1 , 0, ... , 0, 1 ) . Once a particular «-tuple is generated, one permutes the first « -1 coordinates and/or changes some of their signs, and applies An to obtain another «-tuple. This extends a result of Barning which presents an appropriate matrix A^ for the Pythagorean triples. One cannot so generate the Pythagorean «-tuples if « > 10 ; in fact we show the Pythagorean «-tuples fall into at least [(« + 6)/8] distinct orbits under the automorphism group of ( 1 ).
Call an «-tuple x -(xx, For a particular Pythagorean «-tuple x0 , by S(x0) we mean the set of solutions x of ( 1 ) which are associated to x0 in the sense that x is obtained from xQ by permuting the first n -1 coordinates of x0 and/or changing some of their signs. For example, if « = 3 and x0 = (3, 4, 5), then S(xQ) contains eight elements (±3 ,±4,5), (±4 ,±3,5).
It follows from a result of Barning [B] that the matrix 1 2 2" 2 1 2 2 2 3 3 has the following property: For any Pythagorean 3-tuple x with x3 > 1 , there is a sequence (1,0, I) -w0, wx , ... , wm -x of Pythagorean 3-tuples where for 0 < / < m -1 , the matrix Ay carries some element of S(wi) to some element of S(w¡+X). In this sense the matrix A3 Pythagorean 3-tuples. Consider the quadratic space Z, of the form can be said to generate all the (2) 
When this is postmultiplied by the matrix
A3 is also an one obtains Barning's matrix A3. Note that A'3 works as well as A3 to generate the Pythagorean 3-tuples, since (A'3B)x = A'3(Bx), and Bx amounts to changing signs on x, and x2.
The matrix G of the form (2) is diagonal with diagonal entries 1, 1,-1; since A3 GA3 = G we have that A3 is an automorphism of (2). automorphism of (2) since it is the matrix of a reflection. Now permutation of xx and x2, and the maps which multiply an x( by -1 (i = 1,2), are also automorphisms of (2). In this terminology Barning's result implies that the automorphism group of the form (2) (consisting of linear norm-preserving isomorphisms of the inner product space Z3 ) acts transitively on its zero set. Our results will establish that for 4 < « < 9 the form x2 H-h -x also has its automorphism group acting transitively on its zero set, x «-i but that for « > 10 the zero set falls into at least [(« + 6)/8] orbits. Then if x is any Pythagorean n-tuple with xn > 1 there is a sequence
(1, 0, ... , 0, l) = w0,wl,..., wm =x of Pythagorean n-tuples where, for 0 < i < m -1, An carries some element of S(wA to some element of S(wi+X).
Proof. Since it is the matrix of a reflection, An preserves the form (1) and in particular carries Pythagorean «-tuples to Pythagorean «-tuples, and An is selfinverse. Let y be any Pythagorean «-tuple with y > 2 and pick x in S(y)
The theorem is established (by induction on the «th coordinate) if we show that 0 < zn < xn, since to a sequence w0, ... , wm for z , we may append wm+x = y to obtain a sequence for y . Now 0 < zn means that x,+x2+x3 < 2xn. Interpreting the variables as real, the maximum of x, + x2 + x3 subject to the constraint x, + x2 + x3 = C < xn occurs when xx = x2 = x3 = C/\[3 , for which x, + x2 + x3 = \[3C . Thus we have x, + x2 + x3 < sJ3xn < 2xn.
It remains to show zn < xn , which is x, + x2 + x3 > xn . On squaring both sides of this and subtracting the relation ( 1 ) we obtain the equivalent inequality 2 2 (3) 2x,x2 + 2x,x3 + 2x2x3 > x4 h-h xn_v Since xn -yn > 2 and xx > x2> ■■■ > xn we have x,x2 > 0. So if « = 4 we are done, since the right of (3) is 0 and the left positive. Otherwise there are, since 5 < « < 9, at most five variables on the right of (3). Now x(x > xh for any indices /', j, h satisfying 1 < í < j < 3, 4 < « < « -1 . This gives 2 2
Since x,x2 > 0 we have strict inequality in (3). D
Consider now the quadratic space Zn of(l). For an «-tuple a in this space, let C(a) denote its orthogonal complement C(a) = {b\a-b = 0}.
C(a) is called even provided that x • x is even for all x e C(a) ; otherwise C(fl) is odd. For any automorphism T of (1) -(1, 1, ... , 1, 3) , which is Pythagorean and by Lemma 1 has even orthogonal complement. Hence no automorphism of ( 1 ) can carry the Pythagorean 10-tuple a0 = (1, 0, ... , 0, 1) to ax .
In fact, there are Pythagorean «-tuples with all coordinates odd whenever n -8k + 2. (Note that « must be of this form for there to be such «-tuples, since the square of an odd number is 1 modulo 8.) We given an explicit list of such «-tuples here for later use: In this list the notation («?) * 1 , («) * 3, p means a tuple consisting of ml 's followed by «3 's with last coordinate p . This gives a Pythagorean tuple as long as m + 9n = p . When the subscript k is of the form r(r+l)/2 the tuple ak is im)* 1, p , where m = (2r+ 1) and p = 2r+ 1 . Between subscripts (r-l)r/2 and k = t\r + l)/2, the tuple ak_ (1 < j < r -1) is im) * 1, («) * 3, p with m = (2r+ l)2 -9j, n = j, p = 2r + 1 . Since (2r + I)2 -9(r -1) > 0, the coefficient m remains positive, and a. satisfies m + 9« = p~ and so is Pythagorean. Note that each tuple ak in (4) has m + n + l = 8k+ 2 coordinates and is a Pythagorean tuple with all coordinates odd.
Lemma 1 together with the list (4) shows that we cannot generate the Pythagorean «-tuples when « = 8k + 2 (/c > 1) from the single «-tuple (1,0,... , 0, 1).
If « is fixed and k > 0 satisfies 8k + 2 < n , then we define an «-tuple a'k to coincide with ak in the first 8k + 1 coordinates, to have as «th coordinate the last coordinate of ak and remaining coordinates all 0. There are, for given «, [(« + 6)/8] of these «-tuples a'k .
Theorem 2. Suppose as and a( is < t) are any two Pythagorean tuples on the list (4) and n is at least 8t + 2. Then there is no automorphism of i 1 ) carrying a\ to a\. Thus the Pythagorean n-tuples cannot be generated from the single n-tuple (1, 0, ... , 0, 1) by means of any matrix An of an automorphism of (1).
Proof. First let a be any Pythagorean «-tuple (an > 0), with orthogonal complement C(ii). We claim that any element of C(a) has nonnegative norm, and the only elements of C{a) having zero norm are the multiples ka, k e Z. This follows easily from the following identity, true for x with a • x = 0 : n-\ (5) I>«X, -aiXnf = a\^\ + ■ ■ ■ +Xl-X -Xl)'
[=1 That x • x > 0 for x e C(a) is immediate from (5). If x • x = 0 the left of (5) is 0 from which anxi = a¡xf¡ for I < i < n -I . This also holds for « so that gcd(a"x,, ... , anxn) = gcd(a,x", ... , anxn).
Since a is primitive, gcd(ö[, ..., an) = 1 so that £Z"gCd(X,, ... ,xj = ±x".
So with k = ±gcd(x, , ... , xn) we have xn = kan , and then from anxi = a¡xn (1 < î < « -1) we have x = ka as claimed. Now call Vs the orthogonal complement of as in Zg ,, and call Ws the orthogonal complement of a's in Zn . Then Ws is in a natural way the orthogonal direct sum of V and a quadratic space Es associated with the form 2 2 where r = r(j) = « -(8s + 2). Suppose z e Ws and z-z = 1 . Write z = w + e with Del7, e e Es. Then z-z = u-í;+e-é>. Now v • v is nonnegative, and even by Lemma 1. And e ■ e is also nonnegative, so that we must have v ■ v = 0 and v some multiple fc(z) of as.
Then e • e = 1 forces e to be one of the (up to sign) r(s) elements of Es having norm 1, say e -e(z). So any element z of Ws of norm 1 has a unique expression (6) z = kiz)as + eiz) (e(z) eEs, e(z)-e(z) = 1).
We claim now that the maximal number of mutually orthogonal unit vectors in Ws is exactly r(s) = « -(85 + 2). Clearly there are at least that many; if there were more, then since up to sign there are only r(i) possibilities for eiz) on the right of (6), two of them, z and z would have eiz) = ±e(z'), and then z-z = ikiz)as + eiz)) ■ ikiz')as + eiz')) = ±1, contradicting orthogonality of z and z . This proves the theorem, since the number ris) = « -(8í + 2) has been shown to be an invariant of a's, namely the maximal number of mutually orthogonal unit vectors in C(a^). o
In the cases 4 < « < 10 it is known [W] that the automorphism group Gn of the form ( 1 ) is generated by the reflection in ( 1, 1, 1, 0, . .. , 0, 1 ) (which in matrix form is the An of Theorem 1 ) together with the trivial automorphisms which permute the first « -1 coordinates or change signs on some of the « coordinates. The matrix An of Theorem 1 generates the Pythagorean «-tuples from ( 1, 0, ... , 0, 1 ) only for 4 < « < 9. We point out here that the matrix A[0 nonetheless works to generate the Pythagorean 10-tuples, provided we use the two initial 10-tuples a0 = (l,0,...,0, 1) a,= (l, 1,..., 1,3) in the process. To put this another way, the orbits of a0 and a, under Gx0 (which are distinct by Theorem 2) in fact together exhaust the Pythagorean 10-tuples.
To see this, note that (in the notation of the proof of Theorem 2) we still have 0 < zn , and now zn < xn is equivalent to 2 2 (7) 2x,x2 + 2x,x3 + 2x2x3 > x4 -\-(-x9.
That (7) holds follows from the inequality x¡x-> xh , true here when 1 < i < j < 3, 4 < « < 9, there being now six variables on the right of (7). Thus application of Axo to a Pythagorean 10-tuple never increases the last coordinate. . The numbers of list (a) must all be equal, else the sum of (a) would exceed that of (b). From this we see that all the numbers of both lists must be equal.
If this common value is 0, then since x, > 0 we have that all of x-, through x9 are 0; then since x is primitive and Pythagorean, x must be the 10-tuple a0 -i 1 , 0, ... , 0, 1 ). If the common value is nonzero, then from list (a) we see that x, = x2 = x3 ; then from list (b) that the components x,, ... , x9 are all equal; since x is primitive and Pythagorean, x must be the 10-tuple a, = (l, I,---, 1,3).
We have shown that the only Pythagorean 10-tuples whose last component is not strictly lowered by application of Axo are a0 and a, . Thus any Pythagorean 10-tuple x other than a0, ax may be generated from either a0 or ax .
We close with two questions: Do the Pythagorean «-tuples fall into more than [(« + 6)/8] orbits under the automorphism group of (1)? Are there any more cases where a single matrix generates the Pythagorean «-tuples from an initial set of orbit representatives?
